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The present work focuses on building up a mathematical model showing bacteria population evolution in human
lungs taking into account dynamics of immune processes; the model would be useful for assessing functional damage to
the lungs. Numeric modeling of processes that occur in a human body is a promising tool for analyzing and predicting
impacts exerted by risk factors on health. The suggested approach was developed within a concept describing a human
body as a multi-level model that allowed for interaction between various systems and functional state of examined organs
given effects produced on them by different adverse factors. Since direct modeling of the structure and processes occur-
ring in the lungs is rather complicated, these organs are usually described with a porous medium model and it requires a
lot of computing resources. Damage to the lungs determined via an evolution equation was introduced into the model.
The equation described dependence between damage and infiltrate distribution and effects produced on alveolar cells by
toxicants excreted by bacteria.

The work dwells on certain results that characterize how concentrations of immune system components and bacteria
population are spatially distributed when an immune response is evolving. Our research provides a qualitative insight into
reasons for quantitative changes in bacteria population under immune reactions occurring in a body under exposure to dif-
ferent factors. This approach can be used for obtaining more precise parameters for existing population models that show
spread and clinical course of bacterial infections and for making a long-term prediction of an epidemiological situation.
Results obtained with this approach can be useful for analyzing risks of communicable diseases including those occurring

under exposure to adverse environmental factors.
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People constantly interact with the en-
vironment throughout their lives as they get
all the necessary substances from it and are
exposed to its adverse effects. Influence ex-
erted on people by adverse environmental
factors results in their deteriorating health;
contagion with bacterial flora is a possible
cause for health disorders.

At present there are different clinical
laboratory and functional techniques aimed at
observing and examining processes that occur
in a human body. Such techniques allow ob-
taining a complex insight into a current situa-
tion with a patient’s health. However results
obtained via such techniques give a picture of
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a patient’s health only for a moment at which
measurements are made and they do not pro-
vide any opportunity to make forecasts [1, 2].
These techniques are based on analyzing vari-
ous tests with their results being compared
with physiological standard ranges; basing on
it, experts make conclusions on a patient’s
health. Besides, a lot of such techniques are
rather expensive and labor-consuming.
Mathematical modeling seems to be a
completely different approach used for more
profound examining and predicting processes
that occur in various organs in a body. A lot
of field observations that are rather painstak-
ing can be replaced with computing experi-
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ments that involve using mathematical mod-
els. Mathematic modeling procedures allow
saving time and resources, changing initial
conditions, and analyzing a disease develop-
ment as per different scenarios. It means that
the approach is truly universal as we can use
the same mathematical model for different
cases of the same disease.

Creation of a model that shows how bac-
terial population evolves in the human lungs
is a part of the more general task which is to
create a mathematical model for describing a
human body as an interconnected set of or-
gans and systems; certain functional damage
is to be introduced into it for each organ in
order to show an extent to which functions of
this organ are distorted [3]. Damage changes
within a range from 0 to 1 (0 means that there
are no functional disorders and 1 mans that an
organ doesn’t perform its functions at all).
This model includes sub-models showing the
digestive, immune, endocrine, and respiratory
systems [4—6].

Dynamics of pathogenic microorganisms’
growth and their spatial distribution can be de-
scribed with population models. Bearing basic
principles description in mind, interesting mod-
els seem to be the Monod model [7] stating that
number of population depends on a nutrient
medium, and the Lotka — Volterra model [8]
that describes competition between populations.
Cellular automations are used in several works
[9-12] to describe how a population is distrib-
uted in space. A modeled area is discretized,
values of population number are assigned to
certain meshes, and rules for a population
movement are fixed. These models have a
drawback which is a too complicated transfer
from two-dimensional tasks to three-dimen-
sional ones as well as difficulties in biophysical
interpretation of rules for cellular automations
functioning. There are interesting models
among those with continuous time [13, 14];
these works focus on evolution processes oc-
curring in bacterial populations used in oil ex-
traction industry. A bacterial population moves
due to pressure gradient and diffusion occur-
rence. The model is described with a system of
differential equations in partial derivatives.
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Basic principles for building up immu-
nological models are described in the work [15]
that concentrates on population of pathogenic
microorganisms taken in dynamics and immune
system components. Interconnections between
elements in the model are built as per «predator
— prey» type and are described with a system of
non-linear differential equations with retarded
argument. Retardation is introduced to describe
spatial effects that are not obviously taken into
account in the model. The works [16—18] give
more detailed description of immune response
mechanisms but they fail to take into account
spatial distribution of pathogenic population
and immune system cells.

Describing immune processes occurring in
human lungs in dynamics requires taking into
account medium behavior. There are various
models that describe human lungs and respira-
tory processes. The work [19] dwells on actual
respiratory tracts geometry; however, this ap-
proach to describing processes requires substan-
tial computing resources. It seems promising to
use porous medium model and filtration theory
to create models showing the lower respiratory
tracts [6, 20, 21].

Therefore, many immunologic models do
not obviously describe spatial distribution of
examined features in a specific human organ.
It seems possible to use approaches and proce-
dures related to mechanics of multi-component
mixture flows in porous media taking influ-
ence exerted by immunologic processes into
account.

Our research goal was to build a mathe-
matical model showing bacterial population
evolution in the human lungs taking into ac-
count dynamics of immune processes in order
to assess functional damage to the lungs.

Data and methods. Communicable dis-
eases involve pathogenic microorganisms
penetrating and/or activating in a human body.
This work dwells on bacterial population evo-
lution localized in the lower respiratory tracts.
Basic features used to describe the population
include division rate, parameters determining
nutrient medium (substrate) quantity, bacteria
being able to move in a medium on their own
and to produce toxicants.
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It 1s well known that it is more energeti-
cally beneficial for a body to maintain patho-
logic antigen concentration on a certain level
than remove it completely [15]. A bacterial
population starts to grow in case the immune
system is weakened due to a previous disease
or pathogenic microorganisms penetrating a
body from the environment. Simultaneously
an immune response mechanism is being ac-
tivated. As a result there are inflammations
where a bacterial population concentrates.
Discharge related to immune system reactions
leads to a decrease in lung capacity thus re-
sulting in lower oxygen introduction and
more frequent breathing. Bacteria produce
toxins that have adverse effects on alveoli
cells as they deteriorate their barrier and
transportation functions.

All the described processes take place in
the lower respiratory tracts in the human lungs.
The lungs are a set of airways with alveoli as
their ends (Figure 1) [22].

Adult lungs contain approximately 600—
700 million alveoli and it creates certain diffi-
culties in direct modeling of the overall respira-
tory tracts hierarchy. And mathematical de-
scription of processes that occur in the lungs
requires substantial computing resources. These
computing difficulties might be overcome via
using a porous medium model. The lungs are
considered a continuous saturated elastically
deformed porous medium. Deformation occurs
due to diaphragm contraction or ribs lifting and
as a result lung volume decreases, pressure in-
creases, and a person exhales. When a person
inhales, lung volume increases and pressure in
them drops lower than the atmospheric one, and
due to it air enters a human body. This ap-
proach is described in great detail in [6].

Porous medium model allows replacing
detailed structure of alveoli and alveolar chan-
nels (Figure 2) with porosity and permeability.
Porosity is a dimensionless value that charac-
terizes a share belonging to pores in a medium
and is equal to a ratio between volume of
pores and overall volume of a medium that
consists of pores and elastic cross connections.
Permeability is capacity of a medium to let
through liquids and gases.
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Figure 1. Lower airways dichotomy as per Veibel
morphometric model [22]

Figure 2. An increased fragment of alveoli [23]

Damage to the lungs changes due to infil-
trate occurring during an immune response and
influence exerted on alveoli cells by toxicants
produced by bacteria. Within porous medium
model framework porosity and permeability
will go down during an immune response due
to alveoli space being obstructed.

Let us consider mathematical task setting;
to do that, let us take the following mass bal-
ance equation:
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0 :

P v (pv)=-V-j+S, (1)
ot

where p is mixture density, V is velocity vec-
tor, V is Hamilton operator, | is diffusion
flow vector. Moving on to concentrations and
assuming that the mixture is non-compressible,
we get the following:

«© g
dt

j=-DVC,

(2)

where iziw-v is total derivative, D is
dt ot

diffusion coefficient.

Therefore, taking porosity M into ac-
count, we get mass transfer equation in porous
medium:

6(gt‘c) +mv-VC=V-(mDVC)+S, (3)

In our first approximation let us consider
that the examined components move due to
diffusion occurring due to concentration gradi-
ents. In this case overall transfer equation is as
follows:

o(mc,)

=V- (mD.VC
= _v.(move)+s,

“4)

where C, is concentration of bacterial popula-

tion (i=1), substrate (i=2), macrophages (i=3),
plasma cells (i=4), antibodies (i=5), and toxins
(i=6) accordingly; § is a mass source of the

i-th component in the mixture.

Bacterial population grows due to divi-
sion and substrate consumption and decreases
due to natural lysis and effects produced by
macrophages and antibodies:

— CZ
S_Hk1+C2

C - sz12 -75GC, —7,5,CC,. (5)

Substrate concentration goes down due to
it being consumed by a bacterial population
and recovers due to regeneration processes:

C, C
=—kpu—2=2—C +vy, f|1-—=| 6
S S kl-i-Cz 1 Y5 L Cz,o] (6)
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Changes in concentrations of immune
system components (macrophages, plasmatic
cells, and antibodies) are given as:

S =786, —a,C,,
S4 = Y4§[p4C3C4 - C3C4] —a, (C4 - C4,0 ) > (7)
S =p,EC, _n5Y51C501 —aCs.

Toxicants concentration is proportionate
to bacterial population concentration and goes
down due to natural neutralization:

S =v.C, —-a/C.. (8)

The equations
Omnoka! MCTOYHUK CCHUIKM He HaiijieH.—
Ommnoka! UCTOYHMK CCHUIKH He HAaMJeH.
with initial and border conditions create a sys-
tem of equations in partial derivatives that de-
scribes bacterial population evolution in a po-
rous medium.

The functions §=&(h) describe effects

produced by damage h on the immune system
functioning. Damage grows due to effects pro-
duced by toxicants and alveoli obstruction and
can decrease due to self-recovery:

% =a,C+a,C —o,h. )
dt

Taking into account (9) the system (4)—(8)
shows complete mathematical task setting that
includes correlations for describing changes in
concentration due to diffusion processes and
correlations for mass sources occurring as a
result of an immune response.

Results and discussion. To test quality of
the obtained model, numeric experiments were
used; they allowed obtaining spatiotemporal
distribution of bacterial population concentra-
tions and concentrations of the immune system
components.

At the initial time bacterial population
distribution and concentrations were assumed
to be known. Bacterial population localization
was taken into account, and initial distribution
is shown in Figure 3. We considered how bac-
terial population concentration spread in po-
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rous medium volume. The considered scenario

described bacterial population death.
Concentrations of the immune system

components were distributed evenly inside the

Time=0d Concentration of dacteria

popalation

malim

Figure 3. Initial distribution of bacterial
population concentration

modeled area. Distribution of toxins concen-
tration coincided with bacterial population dis-
tribution at the initial time.

Figure 4 shows spatial distribution of bac-
terial population concentration during an im-
mune response. Over time a bacterial popula-
tion grows in volume as its number increases.
Then an immune response mechanism is acti-
vated and at a certain time (time = 9 day) we
can see a decrease in a bacterial population

Time: 0 d. Time:3d.
Tiriae-g d.

3
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due to effects produced by macrophages and
antibodies.

Figure 5 shows integral curves that de-
scribe immune cells population and bacterial
population. It is obvious that a bacterial popu-
lation first grows intensely and it leads to gen-
eration and growth in number of immune cells
population; pathogenic microorganisms are
neutralized and bacterial population decreases.

We also considered another scenario that
involved bacterial population survival; it might
result in an organ death considering its total
inability to perform its basic functions. In this
scenario a bacterial population starts to grow
uncontrollably and it indicates that an immune
response is unable to neutralize pathogenic
flora. Integral curves showing number of im-
mune system components and bacteria popula-
tion are given in Figure 6.

Two considered scenarios had different
parameters that characterized the immune
system state and parameters that described a
bacterial population. These results give a
qualitative picture of immune processes oc-
curring due to a bacterial disease in the hu-
man lungs. We should note that models that
are being developed at the moment are indi-
vidual in many aspects and depend on peculi-
arities of a specific body such as age, current
state of the immune system, genetics, and
diseases in a case history.

molim’

Time:6d.
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Figure 4. Distribution of the concentration of the bacterial population in a porous medium
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Figure 5. Integral assessment of immune
components concentration and bacterial population
concentration in the examined volume of porous
medium (bacterial population death)

The obtained results are well in line with
those given in the works [14, 18].

Conclusion. The work dwells on the
model showing bacterial population evolution
in the human lungs and contains conceptual
and mathematical setting. It also focuses on
results obtained via numeric experiments that
describe scenarios involving either bacterial
population death or survival. Immune proc-
esses development is determined by a state of
a body and bacterial population peculiarities.

In future we plan to take into account in-
fluence exerted by breathing on bacterial
population cells moving and to enhance a set
of immune response elements. We plan to ac-
complish numeric examinations of effects pro-
duced by damage on the immune system func-
tioning in the human lungs.
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Figure 6. Integral assessment of immune
components concentration and bacterial population
concentration in the examined volume of porous
medium (bacterial population survival)

The described results can be seen as making
a certain contribution into developing procedures
for mathematical modeling aimed at describing
immune response and physics of multi-
component mixture flow in porous media. To
make practical use more efficient, it is advisable
to enhance a list of immune system components
and their interconnections. A promising trend in
the model development might be efforts aimed
at identifying model parameters and examining
the model in order to detect new regularities in
immune processes.
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